We complement classical results on the interpolation of entropy numbers as well as certain s-numbers and present an application to a class of non-convex bodies which are generalizations of p-convex bodies. In particular we apply the estimates of entropy numbers of operators on Calderón-Lozanovskii spaces to approximation of the volume of ϕ-absolute convex hull of n points in R k generated by a class of concave functions.
Introduction
In recent years a lot of attention has been paid to the study of entropy numbers and s-numbers of bounded linear operators between quasi-Banach spaces (see, e.g., [4, 13, [19] [20] [21] [22] ). In particular a large number of research articles as well as several monographs are devoted to entropy and approximation numbers of compact embeddings between function spaces (see [13, 24, 25] ). We also refer the reader to [10] , where some applications to spectral theory of (pseudo-)differential operators are presented. It is worth recalling that if T : X → X is a compact operator on a (complex) quasi-Banach space and (λ n (T )) denotes the sequence of eigenvalues of T , ordered E-mail address: mastylo@amu.edu.pl. . We also recall that König [13] proved that if X is a Banach space, then |λ n (T )| = lim k→∞ k a n (T k ),
where a n (T ) is the n-th approximation number of T . The results mentioned above found applications in the theory of eigenvalue distributions of compact operators as well as in the local theory of Banach spaces [21] .
Complementing and generalizing a classical result concerning one-sided interpolation of entropy numbers and s-numbers of operators between quasi-Banach spaces, we present some estimates of entropy numbers of operators on Calderón-Lozanovskii spaces. The main motivation is to approximate the volume of non-convex bodies that are generalizations of p-convex bodies with 0 < p < 1. Our approach to this problem is based on the interpolation theory, taking into account an idea from Gudéon and Litvak [11] . We will make use of several notions from the theory of Banach spaces and their generalizations, which are quasi-Banach spaces. For the reader's convenience, we present some definitions and results that will be used in the sequel. A nice general reference to quasi-Banach spaces is [12] . Let (X, · ) be a quasinormed space. We call · a p-norm (0 < p ≤ 1) whenever
The Aoki-Rolewicz theorem (see [12] ) states that for any quasi-normed space X there exists an equivalent p-norm for some 0 < p ≤ 1. Let X and Y be quasi-Banach spaces. The space of all linear bounded operators from X to Y equipped with the quasi-norm T X →Y := sup{ T x Y ; x ∈ U X } is denoted by L(X, Y ). Here, as usual, U X := {x ∈ X ; x X ≤ 1} stands for the closed unit ball of X . Recall that for an operator T : X → Y between quasi-Banach spaces X, Y , the n-th (dyadic) entropy number e n (T ) of T is defined by
Throughout this paper we will use the following properties of entropy numbers which are true for any operators S, T : A → B and R: B → C between quasi-Banach spaces and all k, m ∈ N.
(ii) (Multiplicity): e k+m−1 (S • R) ≤ e k (S)e m (R). · A and · B 1 · B , then it is easy to see that e n (T :
where the constants of equivalence depend on the constants of equivalence of the quasi-norms. Combining this fact with the p-additivity property, we conclude by the Aoki-Rolewicz theorem that there exists a constant C > 0 such that for any bounded operators S, T : A → B between quasi-Banach spaces and for all k, m ∈ N, we have
This paper is organized as follows. Section 2 contains results on one-sided interpolation of entropy numbers of operators between quasi-Banach spaces. We show estimates of entropy numbers in terms of appropriate interpolation functions. In Section 3 we show that for K -linearizable Banach couples, one-sided interpolation of s-numbers is possible. Sections 4 and 5 are devoted to applications. First, we deal with Calderón-Lozanovskii spaces between quasiBanach lattices. We present estimates of entropy numbers of operators on Calderón-Lozanovskii spaces. In Section 5 we define the notion of the ϕ-absolute convex hull of a subset in a linear space which generalizes the notion of the p-absolute hull for p ∈ (0, 1). Further, we give some applications of the previously obtained results to the study of the ϕ-absolute convex hulls of n points in R k generated by a special class of normalized positive concave functions ϕ. The key result in Section 5 is Theorem 5.1, which gives an estimate of entropy numbers of operators from the finite-dimensional Orlicz space n ϕ to a quasi-Banach space (R n , · ), where ϕ is a normalized positive concave function. Next, we apply this theorem to approximate the volume of the ϕ-absolute convex hull of n points in R k . We also extend certain results proved by Guédon and Litvak in [11] for the case of p-absolute hulls and n p -spaces for any p ∈ (0, 1).
Interpolation of entropy numbers
We shall use a minor modification of the notation and terminology commonly used in interpolation theory of Banach spaces as it appears in [1, 2] . Let A = (A 0 , A 1 ) be a quasi-Banach couple, that is, two quasi-Banach spaces A j , j = 0, 1, which are continuously included in some Hausdorff topological vector space. For each s, t > 0 and a ∈ A 0 ∩ A 1 (resp., a ∈ A 0 + A 1 ) we define J (s, t, a) := J (s, t, a; A) := max{s a A 0 , t a A 1 } and respectively 
The function ϕ (as well as ψ) is monotone in each coordinate and homogeneous of degree 1, that is, ϕ(λs, λt) = λϕ(s, t) for λ > 0 and s, t > 0. Note that in the case of Banach spaces the function ϕ A := ϕ(1, ·) has been first introduced in [8] in the study of interpolation of onedimensional operators. Further, fundamental functions were used in the interpolation theory of operators in Banach spaces in [9] . In what follows if A = (A 0 , A 1 ) and B = (B 0 , B 1 ) are quasiBanach couples, then the notation T : A → B means that T is a linear operator from A 0 + A 1 into B 0 + B 1 whose restriction to A j defines a bounded operator from A j into B j for j = 0, 1. As usual we put T A→B := max j=0,1 T | A j A j →B j . If one of the couples A or B reduces to a single quasi-Banach space, i.e., if A 0 = A 1 = A or if B 0 = B 1 = B, then we write T : A → B and denote the norm by T A→B or, respectively, T : A → B with the norm T A→B . We start with the following two interpolation results that are known in the case of Banach spaces and the power functions. Since the second one will be used later, we present its proof for the sake of completeness. The proof of the first one can be obtained in a similar way to the classical case (see, e.g., [19 
In the proof of the next proposition, we will need a simple relation between the (dyadic) inner entropy numbers and the entropy numbers. Recall that for an operator T : X → Y between quasi-Banach spaces X and Y , the n-th (dyadic) inner entropy number ϕ n (T ) of T is defined by
Note that the proof of the inequality 
where M ≤ 2 k−1 and N ≤ 2 m−1 . Now, choose a 1 , . . . , a p ∈ U A arbitrarily with p > 2 k+m−2 . We put
Combining this with the second inclusion that has been shown above, we conclude that there are i, j ∈ I n 0 such that T a i and T a j belongs to b r + s 1 U B 1 for some r ∈ {1, . . . , N }. This implies that
Therefore, setting C = max{C B 0 , C B 1 }, we obtain
Combining this estimate with the fact that the set {a 1 , . . . , a p } with p > 2 (k+m−1)−1 is included in U A , we conclude that
Since e n (T ) ≤ 2ϕ n (T ) for all n ∈ N, the desired estimate follows.
We conclude this section with the remark that the behaviour of compact operators under interpolation has been studied since the 1960s. In 2001, Cobos, Cwikel and Matos in their paper [6] studied estimates for the measure of non-compactness of operators in Banach spaces and other ideal measures in terms of related interpolation functions. We recall that, if T : X → Y is an operator between quasi-Banach spaces, then the ball measure of non-compactness β(T ) of T is given by the infimum of all ε > 0 such that there exists a finite number of elements x 1 , . . . , x n ∈ X so that
Clearly β(T ) = 0 if and only if T is compact. Since β(T ) = lim n→∞ e n (T ), the results presented in this section imply immediately the corresponding estimates of the measures of noncompactness of operators in quasi-Banach spaces.
Interpolation of s-numbers
The notion of the s-number sequence is due to Pietsch (for details see [20] ). It turns out that s-numbers are very powerful tools for estimating eigenvalues of operators in Banach spaces. As entropy numbers, s-numbers have been also extensively studied, especially approximation (a n ), Gelfand (c n ) and Kolmogorov numbers (d n ). If X , Y are Banach spaces and T ∈ L(X, Y ), the numbers are defined by
respectively, where q S : Y → Y /S denotes the quotient mapping. We note that any of these sequences s n ∈ {a n , c n , d n } satisfies the relations
Moreover,
with equality for Hilbert space operators T . For the basic properties of the s-numbers and applications to eigenvalue and compactness problems, we refer the reader to the monographs [5, 20, 21] and the references given therein. Inspired by [7] , we show that for a quite rare range of couples the one-sided interpolation of s-numbers is possible. Following Peetre a Banach couple X = (X 0 , X 1 ) is said to be Klinearizable if there exist a constant C > 0 and a family of operators {V j (t)} t>0 , j = 0, 1, such that
where I is the identity mapping in X 0 + X 1 and we have for j = 0, 1
It is easy to see then that
There are many important examples of K -linearizable couples. For instance: any regular couple (H 0 , H 1 ) of Hilbert spaces (see [7] ), the couple (L p ,Ẇ k p ), whereẆ k p is the "homogeneous" Sobolev space and the couple of Besov spaces (B
is not of this type (see [26] for more examples and details). We note that Nilsson [16] proved that for couples of separable Banach lattices the definition of the K -linearizable Banach couple is equivalent to a more explicit quasi-linearization. It is shown in [16, Lemma 4.5] that couples (E 0 , E 1 ) of Banach sequence lattices satisfying certain conditions are quasi-linearizable. In particular, ( q 0 (2 −nθ 0 ), q 1 (2 −nθ 1 )) forms a quasilinearizable Banach couple for any 0 ≤ θ 0 < θ 1 ≤ 1 and 1 ≤ q 0 , q 1 ≤ ∞. 
Proof. Since V j (t): B 0 + B 1 → (B 0 , B 1 ) and B → B 0 + B 1 , we conclude that V j (t): B → (B 0 , B 1 ). For any b ∈ B 1 , we have
Similarly, for any b ∈ B 0 , we have
This implies that V 0 (t) B 1 →B ≤ (1 + C)ψ(t, 1) and V 1 (t) B 0 →B ≤ (1 + C)ψ(1, t −1 ) for any t > 0. Let T : A → B. Then by V 0 (t) + V 1 (t) = I , we have T = V 1 (t)T + V 0 (t)T for any t > 0. Thus combining the above estimates with properties of the s-numbers, we obtain
To conclude the proof, we simply take the limits with t → 0+ in case (i) and with t → ∞ in case (ii). We obtain case (iii) by substituting t = s k (T :
The proof of the following result is similar (we only need to use the representation T = T V 0 (t) + T V 1 (t) for any t > 0). We conclude this section with an example of a quasi-linearizable couple useful from the point of view of applications of the above results. Given any sequence {X n } n∈Z of Banach spaces and a positive sequence {w n } n∈Z , we denote by E(w n X n ) the space of all sequences {x n } ∈ Π n∈Z X n such that {w n x n X n } n∈Z ∈ E. It is a Banach space equipped with the norm {x n } = {w n x n X n } E . In the sequel, for a given subset A ⊂ Z and x = {x n } ∈ E(w n X n ), we denote by x1 A the sequence with coordinates x n for n ∈ A and 0 for n ∈ Z \ A.
Lemma 3.1. Assume that E is a Banach sequence lattice on Z and u = {u n } n∈Z , v = {v n } n∈Z are positive sequences. Then for any sequence {X n } n∈Z of Banach spaces the couple (E(u n X n ), E(v n X n )) is K -linearizable.
Proof. For any fixed t > 0 we put
Let x = {x n } n∈Z ∈ E(u n X n ) + E(v n X n ). Then for y(t) = x1 A t and z(t) = x − y(t),
we have
Since for any x 0 ∈ E(u X n ) and x 1 ∈ E(v X n ) such that x = x 0 + x 1 , min{u, tv}x := min{u n x n , tv n x n } = min{u, vt}x 0 + min{u, tv}x 1 , we conclude that
This shows that
The estimates obtained give the following equivalence:
To complete the proof it is enough to define
for any x ∈ E(u n X n ) + E(v n X n ).
As a direct consequence of the above lemma, we have the following conclusion: since any regular couple (H 0 , H 1 ) of Hilbert spaces is isomorphic to a couple ( 2 (G n ), 2 (2 −n G n )) for some sequence {G n } n∈Z of Hilbert spaces, so (H 0 , H 1 ) is K -linearizable (see [7] ).
Applications to Calderón-Lozanovskii spaces
We present some applications of the results obtained to special constructions including the Calderón-Lozanovskii spaces. Recall that if X = (X 0 , X 1 ) is a couple of quasi-Banach lattices on a σ -finite and complete measure space (Ω , µ) := (Ω , Σ , µ) and ϕ ∈ U (i.e., ϕ: [0, ∞) × [0, ∞) → [0, ∞) is concave and positively homogeneous of degree 1), then the Calderón-Lozanovskii space ϕ(X ) = ϕ(X 0 , X 1 ) consists of all x ∈ L 0 (µ) such that |x| ≤ λϕ(|x 0 |, |x 1 |)µ-a.e. on Ω for some x j ∈ E j with x j X j ≤ 1, j = 0, 1. The space ϕ(X ) is a quasi-Banach lattice equipped with the quasi-norm (cf. [14, 15] )
In the case of the power function ϕ(s, t) = s 1−θ t θ , ϕ(X ) is the well-known Calderón space (see [3] ). Note that if (X 0 , X 1 ) is a couple of Banach lattices, then the following Köthe duality formula holds (see [14, 15] ):
where the constants of equivalence of norms do not depend on ϕ. Here, for ϕ ∈ U, the conjugate function ϕ is defined by ϕ(s, t) := inf αs + βt ϕ(α, β) ; α, β > 0 for all s, t ≥ 0. We have ϕ ∈ U and ϕ = ϕ (see [15] ). It is easy to see that ϕ * ≤ ϕ ≤ 2ϕ * , where for ϕ ∈ U we let ϕ * (s, t) = 1/ϕ(s −1 , t −1 ) for s, t > 0. Let us note that in many cases the Calderón-Lozanovskii spaces may be easily identified. In particular, it is easy to check that in the case of locally bounded Orlicz spaces (L φ 0 , L φ 1 ) on a measure space for any ϕ ∈ U, we have (see [17, 18] )
with equivalence of quasi-norms, where φ −1 (t) = ϕ(φ −1 0 (t), φ −1 1 (t)) for t ≥ 0. In the following proposition we present, among other things, the estimates of interpolation functions for Calderón-Lozanovskii spaces. We recall that if E is a Banach lattice on (Ω , µ) and w ∈ L 0 (µ) is a positive weight function, then the weighted Banach lattice E(w) is defined by setting x E(w) = xw E .
Proposition 4.1. Let X = (X 0 , X 1 ) be a couple of quasi-Banach lattices on (Ω , µ) and X = ρ(X 0 , X 1 ) be a Calderón-Lozanovskii space generated by ρ ∈ U. Then we have:
any s, t > 0) then the continuous inclusion:
holds for arbitrary weights w 0 and w 1 . (iv) If ϕ is super-multiplicative (i.e., there exists C > 0 such that ρ(1, st) ≥ Cρ(1, s)ρ(1, t) for any s, t > 0), then the following continuous inclusion:
holds for arbitrary weights w 0 and w 1 .
Proof. (i) Let x ∈ ρ(X 0 , X 1 ). Then |x| ≤ λρ(|x 0 |, |x 1 |) for some λ > 0 and x j with x j X j ≤ 1, j = 0, 1. Since
for arbitrary α, β > 0. This implies that
i.e., ϕ X (s, t) ≤ ρ(s, t) for all s, t > 0.
(ii) Fix s, t > 0 and let x ∈ X 0 ∩ X 1 with x X 0 ≤ s, x X 1 ≤ t. Then for y 0 = x/s, y 1 = x/t, we have y 0 X 0 ≤ 1 and
holds for all positive α and β, we get
This yields ψ X X (s, t) ≤ ρ(s, t) for all s, t > 0. (iii) If x ∈ ρ(X 0 (w 0 ), X 1 (w 1 )), then we can find λ > 0 and x j ∈ X j (w j ) with x j X j (w j ) ≤ 1 for j = 0, 1 such that |x| ≤ λρ(|x 0 |, |x 1 |).
By our hypothesis, it follows that ρ(su, vt) ≤ Cρ(u, v)ρ(s, t) for all s, t, u, v > 0. Thus for w := ρ * (w 0 , w 1 ), y j = x j w j ( j = 0, 1), we have
Since y j X j ≤ 1, j = 0, 1, we conclude that x ∈ X (w) and x X (w) ≤ C x ρ(X 0 (w 0 ),X 1 (w 1 )) . This proves the required continuous inclusion. In a similar way we prove (iv).
Combining the above proposition with the results of Section 1, and the inequalities ψ * ≤ ψ ≤ 2ψ * , we obtain the following.
Corollary 4.1. Let (X 0 , X 1 ) be a couple of quasi-Banach lattices, ψ ∈ U and X be a quasiBanach space. Then there exists a constant C independent of ψ such that for all positive integers k and n we have:
(ii) For each operator T : X → (X 0 , X 1 ),
Applications to non-convex bodies
We present applications of the one-sided interpolation of entropy numbers to study bodies in R n . We recall that by a body we mean a compact set in R n containing the origin as an interior point and star shaped with respect to the origin. By the ellipsoid in R n we always mean a linear image of the canonical Euclidean ball. Following [11] , given bodies K and B in R n , we define the Banach-Mazur distance by
where the infimum is taken over all linear operators T : R n → R n , and all x, z ∈ R n . We also define the following distance:
where the infimum is taken over all linear operators T : R n → R n . Clearly, if K and B are centrally symmetric bodies, then d(K , B) = d 0 (K , B) and it is the standard Banach-Mazur distance. A quasi-Orlicz function ϕ: [0, ∞) → [0, ∞) is defined as a continuous non-decreasing function such that ϕ(0) = 0 and p(ϕ) > 0. Here p(ϕ) denotes the lower Matuszewska-Orlicz index of ϕ defined by p(ϕ) = lim t→0 ln ϕ(t)/ ln t, where ϕ(t) := sup s>0 ϕ(st)/ϕ(s). It is easy to see that the condition p(ϕ) > 0 is equivalent to lim t→0 ϕ(t) = 0. With any quasi-Orlicz function ϕ, we associate the space ϕ of all sequences of scalars x = (x k ) such that ∞ k=1 ϕ(|x k |/λ) < ∞ for some λ > 0. The space ϕ equipped with the quasi-norm
is a symmetric quasi-Banach lattice called an Orlicz sequence space. For an Orlicz sequence space ϕ we denote by n ϕ the linear span of the first n standard unit vectors e 1 , . . . , e n equipped with the quasi-norm induced from ϕ . Given a strictly increasing positive concave function ϕ on [0, ∞) with ϕ(0) = 0 and ϕ(1) = 1 (called a normalized concave function for short) and a subset A of a linear space X , its ϕ-absconv A is defined as
If ϕ(t) = t p with p ∈ (0, 1], we write p-absconvA (resp., absconv if p = 1) instead of ϕ-absconv A. For any concave function ϕ: [0, ∞) → [0, ∞), we define a lower index a ϕ of Simonenko by the formula (see [23] ):
.
It is easy to see that any concave function ϕ: [0, ∞) → [0, ∞) is a quasi-Orlicz function with p(ϕ) ≥ a ϕ . Given any set A ⊂ R n , by vol (A) we denote the volume of A. We have the following result.
Theorem 5.1. Let X = (R n , · ) be a quasi-Banach space and T be a linear operator from R n to X . Assume that ϕ: [0, ∞) → [0, ∞) is a concave function such that 0 < a ϕ < 1. Then for all integers k ≤ n and m ≥ 1 one has e k+m−1 (T :
where f (n, k) = 1 k ln 1 + n k and C ϕ depends only on ϕ. Proof. It is easy to check that our hypothesis 0 < p := a ϕ < 1 implies that the function t → ϕ −1 (t)/t 1/ p is non-increasing. Since ϕ −1 is a convex function, so t → ϕ −1 (t)/t is nondecreasing. This implies that the function ρ: [0, ∞) → [0, ∞) defined by ρ(0) = 0 and
is a quasi-concave function on [0, ∞). Now take a concave function φ such that φ ρ and ψ ∈ U defined by ψ(u, v) = vφ(u/v) for v > 0 and 0 if v = 0. Then, we have ϕ −1 (t) ψ(t 1/ p , t), whence some simple calculations show that (see [17] or [18] ) 
where the constants C 1 , C 2 depend on ϕ.
The proof of the following lemma which is an extension of the corresponding result proved by Guédon and Litvak [11, Lemma 3] is standard.
Lemma 5.1. Let ϕ: [0, ∞) → [0, ∞) be a normalized concave function such that 0 < a ϕ < 1. There exists a positive constant C ϕ such that for every set of points x 1 , . . . , x n in the k-dimensional space R k , the following estimate holds:
vol (ϕ-absconv{x 1 , . . . , x n }) vol (absconv {x 1 , . . . , x n })
where f (n, k) = 1 k ln 1 + n k . Proof. Let T : R n → R k be a linear operator defined by T (e j ) = x j for j = 1, . . . , n. Let X := (R k , · ), where the unit ball of X is U X := absconv {x 1 , . . . , x n }. Applying Theorem 5.1 with m = 1, we have e k (T : n ϕ → X ) ≤ C ϕ min 1,
A volume argument easily shows that 2e k (T :
Since ϕ is normalized T (U n ϕ ) = ϕ-absconv{x 1 , . . . , x n } and the proof is complete.
